This paper answers open questions from Sarovar and Milburn [1] . Sarovar and Milburn derived a convenient upper bound for the Fisher information of a one-parameter quantum channel. They showed that for quasi-classical models their bound is achievable and they gave a condition for optimal measurements. They asked (i) whether their bound is attainable more generally, (ii) whether explicit expressions for optimal measurements can be derived from the attainability conditions. In this paper it is shown that unitary channels with input states satisfying a certain condition are the only other channels for which the bound of Sarovar and Milburn is attainable. Hence the optimality condition cannot in general be used to find explicit expressions for optimal measurements. We have extended these results for multi-parameter channels.
Introduction
Mathematically, a quantum channel is a completely positive map, sending density matrices to density matrices. The action of a specific channel on a state ρ can be be represented using Kraus operators [2, 3] 
A family of channels parameterised by a real parameter θ can be represented by Kraus operators depending on θ as
(1.1)
Measurement of the output from a parameterised channel gives a parametric statistical model and hence Fisher information. Fisher information is defined as the expectation of the square of the score (the derivative of the log-likelihood, with respect to the unknown parameter), i.e. If the measurement outcomes are discrete with probabilities p 1 (θ), . . . , p n (θ), then the Fisher information can be expressed as
An important problem is, given a parameterised family of channels, to estimate the unknown parameter and hence the channel. As channels are not known a priori, identification of channels is of great importance. The estimation of channels is split into two main parts:
(i) choosing an optimal input state,
(ii) choosing an optimal measurement and estimator.
Sarovar and Milburn focussed on finding optimal measurements. By 'optimal' we mean that the procedure maximises some measure of performance. A common measure of performance is the Symmetric Logarithmic Derivative (SLD) quantum information, [4, 5, 6, 7, 8, 9 ]. The SLD quantum information H(θ) is an upper bound on the Fisher information [10, 11] , i.e.
The SLD quantum information gives the maximal Fisher information in a measurement on a quantum system and is always achievable, at least locally, for 1-parameter models. For a one-parameter family of states ρ(θ), the SLD quantum information is defined as
where the SLD quantum score λ(θ) is the self-adjoint solution of
For one-parameter channels of the form (1.1), where ρ 0 is a completely known pure input state, Sarovar and Milburn [1] found a simply computable upper bound on the Fisher information. They also gave necessary and sufficient conditions on optimal measurements achieving this bound. Sarovar and Milburn derived the inequality
where
The quantity C E (θ) is not unique, since the Kraus representation is not unique [3] . Uniqueness can be achieved by using the canonical Kraus decomposition, with Kraus operators Υ k (θ) uniquely defined as the Kraus operators satisfying
From this Sarovar and Milburn obtained the well-defined upper bound
on the Fisher Information. If this bound is not attainable, i.e. there does not exist some measurement M such that F M (θ) = C Υ (θ), then no bound of the form (1.4) is attainable [1] . To achieve equality in (1.6) the measurement M = {m(ξ)} must satisfy
for some λ ξ (θ) ∈ R. For channels with quasi-classical output states, it was shown that this bound is attainable. In this case the equality conditions (1.7) can be used to determine which measurements are optimal. Quasi-classical models are parameterised models for which the output states commute with each other. These models have spectral decomposition
with fixed eigenvectors |w k . Sarovar and Milburn asked (i) whether their bound (1.6) is attainable more generally, (ii) whether explicit expressions for optimal measurements can be derived from the attainability conditions (1.7) . In this paper it is shown that the only other channels for which bound (1.6) is attainable are unitary channels, with input states satisfying a certain condition. In channels other than these specific channels, condition (1.7) cannot be satisfied and hence cannot be used to find explicit expressions of optimal measurements.
1-parameter channels
In this section we answer questions from [1] about the SM bound for 1-parameter channels. When the input state is pure with ρ 0 = |ψ 0 ψ 0 |, condition (1.5) for the canonical Kraus decomposition is equivalent to the condition
The output state is
where R is the number of non-zero |v k . This can be rewritten as
where {|w k } k=1..R are orthonormal. The set of vectors {|w k } k=1..R can be extended to an orthonormal basis {|w k } k=1..d over the Hilbert space. The first R eigenvalues p 1 , . . . , p R are non-zero, the rest are equal to zero. Thus the canonical decomposition leads to the spectral decomposition of the output state [1] . The SLD quantum information, H(θ), and the SM bound, C Υ (θ), can be expressed as (see Appendices A and B)
2) 4) i.e. the SLD quantum information is less than or equal to the SM bound.
Proof 2.2 The first terms in (2.2) and (2.3) are identical. To prove proposition 2.1, we need to show that
A H ≤ A C + B C ,(2.
5)
The terms A H , A C , B C are all non-negative. We can prove (2.5) by showing that
To prove (2.6) it is sufficient to show that for all
Since p j > 0 and p k ≥ 0, we have p j + p k > 0, so that
which gives (2.7).

Proposition 2.3 Equality holds in (2.4) only for (i) quasi-classical channels, (ii) unitary channels with input states satisfying
tr{U (θ)ρ 0 U (θ) ′ † } = 0. (2.8)
Proof 2.4 Equality is obtained in (2.4) only when
The terms A H , A C , B C are all non-negative. The simplest case in which we get equality is when each of these terms equals zero. For this we require 
This is satisfied if and only if the vectors {|w j } 1≤j≤R do not depend on θ, i.e. the channel is quasi-classical. The only other case in which
H(θ) = C Υ (θ) is when A H = A C and B C = 0. If A H = A C thenΥ 1 (θ) = U (θ). If B C = 0 then w ′ 1 |w 1 = 0. In this case |w 1 = U (θ)|ψ 0 ,
and so (2.8) is satisfied.
Proposition 2.5 The SM bound is achievable only for (i) quasi-classical channels and (ii) unitary channels satisfying (2.8).
Proof 2.6 The SM bound (1.6) follows from (1.2) and (2.4). The SM bound is attainable only when there is equality in (1.2) and (2.4). It is always possible to achieve equality in (1.2) for 1-parameter channels. However, equality is obtained in (2.4) only for (i) quasi-classical channels and (ii) unitary channels satisfying (2.8).
Proposition 2.7 Optimal measurements do not necesarily satisfy (1.7) , and so this condition cannot be used generally to find optimal measurements. Proof 2.8 Satisfying (1.7) is equivalent to achieving equality in (1.6) . Since equality cannot be achieved generally in (1.6) , it is not possible to satisfy (1.7) generally. Hence (1.7) cannot be used generally to find optimum measurements.
Proposition 2.9 The SLD quantum information is less than or equal to all
Proof 2.10 We split this proof up into two cases.
(i) When (1.3) is attainable, (1.6 ) is also attainable [1] . In this case
3 Multi-parameter channels
In this section we extend the previous results to general multi-parameter channels.
Proposition 3.1
The SLD quantum information is less than or equal to the SM bound for multi-parameter channels, i.e.
and we define λ (j) as the SLD quantum score with respect to the parameter θ j .
Proof 3.2 For given θ and |v consider the set of channels,
3)
4)
where v l is the lth component of the vector |v . From (2.4) we know that
Evaluating (3.5) at t = 0 and using (3.2) and (3.4) gives
Since this holds for all |v in R p , we have (3.1) .
Proposition 3.3 Equality in (3.1) is obtained only for (i) quasi-classical channels, (ii) unitary channels satisfying the multi-parameter version of (2.8).
Proof 3.4 Equality is obtained in (3.1) only when H(t) = C Υ (t), where we are considering channels of the form
This is satisfied only for (i) quasi-classical channels, (ii) unitary channels satisfying
for all |v . This can be rewritten as
For (3.6) to be satisfied for all |v we require that 
Conclusion
The question of attainability of the Sarovar and Milburn bound for one-parameter channels has been settled. The SM bound is achievable only for (i) quasi-classical channels and (ii) unitary models satisfying (2.8). The attainability conditions of the SM bound (1.7) cannot be used generally to find optimal measurements. In the situations for which the SM bound is attainable, optimal procedures are known. We have extended the inequality between the SM bound and the SLD quantum information for multi-parameter channels. We have also shown that the SM bound is greater than or equal to the Fisher information for multi-parameter channels.
